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Abstract. Let G be a connected reductive algebraic group over an algebraically 
closed field k of prime characteristic p, and g = Lie(G). In this paper, we study 
representations of the reductive Lie algebra @ with p-character \ °f standard 
Levi-form associated with an index subset / of simple roots. With aid of support 
variety theory we prove a theorem that a ?7 x (g)-module is projective if and only 
if it is a strong "tilting" module, i.e. admitting both Zq- and Zq -filtrations (to 
see Theorem 14. ip . Then by analogy of the arguments in [2] for G\T- modules, we 
construct so-called Andersen-Kaneda filtrations associated with each projective 
g-module of p-character \, an d finally obtain sum formulas from those filtrations. 



1. Introduction 

Assume that k is an algebraically closed field of prime characteristic p. Let G 
be a connected reductive algebraic group over k, and g = Lie(G). Associated with 
any given linear form x on g, U x (g) is defined to be the quotient of the universal 
enveloping algebra U(g) by the ideal generated by all x p — x^ — x( x ) p with x £ g. 
Each class of irreducible representations of g correspond to a p-character \ and the 
representation theory of g with this p-character is the "union" of the representation 
theory of U x (g). Furthermore, when we restrict the prime characteristic of the 
basic fields to the case which we call "very good", a well-known result shows that 
there is a Morita equivalence between [7 x (£|)-module category and ?7 Xn ([)-module 
category, where I is a certain reductive subalgebra of g and Xn is a so-called nilpotent 
character of [ (cf. [16j and [5]). This important result enables us to consider the 
representations of U x (g) just with nilpotent x- I n the last decade, much progress 
in modular representations of reductive Lie algebras have been made. Nevertheless, 
many basic problems remain unsolved. 

In this paper, we will focus our concern on the case when x is of standard Levi 
form which is associated with a subset / of simple roots of g, this means that x is 
regular nilpotent on the Levi factor gj for /, and is evaluated elsewhere. Owing 
to the work of Friedlander-Parshall and Jantzen (cf. [5J, [10J and we have a 

precise classification of simple C/ x (g)-modules by "highest weights". There are also 
many good properties in the representations of U x (g) in this case. Especially, one 
can study the graded module category by modulo /, analogous to graded module 
category in the restricted case, i.e. x = (the graded structure essentially arises 
from GiT-module category in representations of algebraic groups, where G\ is the 
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kernel of the first Frobenius homomorphism and T is the maximal torus of G) (cf. 
[TOl §11] and [12, II. §9]). 

Recall that in the BGG theory for complex representations of semi-simple Lie 
algebras, there is a well-known result that each projective module has a filtration 
with sub-quotients isomorphic to Verma modules. In the restricted module category 
of g = Lie(G), Humphreys first proved that each projective module admits an 
analogous filtration with sub-quotients isomorphic to baby Verma modules Z(X), 
called a Z-filtration (cf. [9j). Furthermore, Cline-Parshall-Scott (CPS for short) in 
[3 J proved that a projective GiT-module admits Z^-filtratios for an arbitrary given 
w in the Weyl group where Z w {\) is a twisted baby Verma module. In the same 
time, CPS also proved that a GiT-module is projective if and only if it is a tilting 
module, i.e. admiting both Z-filtration and Z*-filtration (or to say: admitting both 
Z and -filtration for the longest element wq in the Weyl group). 

In this paper, we prove a strong version of the above result in the case when p- 
character \ is of standard Levi form: a A/Z/-graded module of U x (g) is projective if 
and only if it is a strong "tilting" module, this is to say, it admits both ^Q-filtration 
and Zg-filtration, where Zq (resp. Z'q) are some p/-induced (resp. p^-induced) 
modules from projective covers of the baby Verma modules of U x (qi). Here pi and 
p'j mean respectively positive and negative parabolic subalgebras associated with 
I (to see Theorem 14.11 where Z'q has another version Z'q by u^-twist which is 
like u^-twist Z m afore-mentioned). The part of "necessity" in the statement is an 
implication of Jantzen's result (to see Proposition \2A\i . Here, we complete the other 
part with aid of cohomological support variety theory of restricted Lie algebras. 

Consequently, a projective C/ x (g)-module Q is a tilting moduli, i.e. Q admits 
both 2-filtration and T (iJ*)-fiitration where r is an involutative automorphism of 
g associated with / (note: T (Z*) has another version Z w ' , to see Lemma l2.6f) . So, 
we can adopt the filtration introduced by Andersen and Kaneda in [2], and then 
obtain the sum formulas (to see Theorems 15.51 and I5.6[) . which is helpful for us to 
understand more on simple modules and their character formulas of U x (q). On those 
characters, Lusztig proposed a hope in |15j . which is still unsolved. 

In [2J, Andersen and Kaneda constructed a filtration associated with each pro- 
jective GiT-module Q from vector spaces F\{Q) = Hornet (^(A) r , Q), and then 
proved that the filtration has a sum formula analogous to the Jantzen nitration's, 
(cf. [2]). We call such a filtration Andersen-Kaneda filtration. 

In the case when \ is °f standard Levi- form for reductive Lie algebras, Andersen- 
Kaneda nitrations do exist and the corresponding sum formulas can be constructed, 
by analogy of A-K's arguments with some mild modifications. For the convenience 
of readers, we complete the arguments. 

Acknowledgement: This work is partially supported by NSF and PCSIRT 
of China. The authors express thanks to the referee for his/her pointing out some 
false statements in the original manuscript. 
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2. Preliminaries 

2.1. Assumptions. Throughout this paper, we always assume that k is an 
algebraically closed field of prime characteristic p. The notations will generally 
follow [TO] . 

Let G be a connected and reductive algebraic group over k, satisfying the fol- 
lowing three hypotheses as in [10|. 6.3]: 

(HI) The derived group VG of G is simple connected; 
(H2) The prime p is good for g; 

(H3) There exists a G- invariant non-degenerate bilinear form on g, 

where g = Lie(G). Those conditions can be explained as follows: when T>G is a 
simple algebraic group, then the conditions (H1)-(H3) satisfy if and only if p does 
not divide n + 1 for type A n ; p > 2 for types B n (n > 2), C n (n > 2) and D n 
(n > 4); p > 3 for type Eq, Ej, F4 and G2; p > 5 for Eg. 

Fix T a maximal torus of G. Let U(g) be the universal enveloping algebra of g. 
For a given x £ 0*> set U x (g) = U(g)/J x , a reduced enveloping algebra of g. Here 
J x is the ideal of U(g) generated by x p - x M - x(x) p , for all x G g. Set X = X(T) 
the character group of T, which is a free abelian group of rank equal to dimT. It 
contains the subgroup ZR generated by the root system R. 

Denote respectively by i? ± the sets of all positive roots and all negative roots. 
For each a £ R, let g a denote the subspace of g corresponding to a and n + = 
J2aeR+ 0a' n_ = J2aeR- 8a- ^ e nave the triangular decomposition of g: g = n + © 
f) ©n~. Let b + = f) 0n + be the Borel subalgebra of g , h is the Cartan subalgebra of 
g. For each a £ R, let a v denote the coroot of a and W is the Weyl group generated 
by all s a with a € R and W p is the affine Weyl group generated by s a ^ rp {r G Z) 
where s ajrp , r G Z are the affine reflection with s a , r p{^) = t 1 — ({l 1 ,®^) — rp)a. 
Define w.X = w(X + p) — p,w G PF, the dot action of w on A where p is half the sum 
of all positive roots. 

Call ^ G g* nilpotent if £ is in the coadjoint G-orbit of \ with x(b + ) = 0- By 
Kac-Weisfeiler and Friedlander-Parshall's result, up to Morita equivalence, the study 
of f7^(g)-module can be reduced to the study of C/^ (go)-module for a reductive Lie 
algebra go = Lie (Go) for some connected reductive algebraic group Go satisfying 
Conditions (H1)-(H3), and nilpotent £0 £ So- Thus, we only need study the module 
category of ?7 x (g)-modules with x's being nilpotent, up to Morita equivalence. In 
the whole paper, we always assume that = 0j i- e - X 1S nilpotent. 

Note that since x(b + ) = 0, any simple t7o(b)-module is one-dimensional k\ = k, 
with h ■ 1 = X(h) for any h G I) and A G A := {A G h* | \{hf = \{h^)} which is 
equal to X/pX. And k\ can be extended a i7o(b + )-module with trivial n + -action. 
Hence, we have an induced module 

Z X (X) = U x (q) <%„(£,+) k x 

which is called a baby Verma module. Then each simple U x (g) module is the ho- 
momorphic image of some baby Verma module Z X (X), A G A. 

2.2. Standard Levi forms. We say a p-character \ has standard Levi form if 
X is nilpotent and if there exists a subset / of the set of all simple roots such that 



-1 



YIYANG LI AND BIN SHU 




(2-1) X(fl-a) = 

As in |10|, §10.4; §10.5], when / is the full set of all simple roots, we call x a 
regular nilpotent element in q* . When / = {0}, we know U x (q) = Uo(g) is the 
restricted enveloping algebra of q. We denote Rj be the root system corresponding 
to simple root set / and let Wj is the Weyl group generated by all the s a with a £ I. 
Set wi to be the longest element in Wj and wq is the longest element in W. We 
denote w 1 = wiw . Denote 0/ = rj © Sae-Ri 9a ; P = Qi + ©u + ; and p' = 0/ + ffiu~, 
where u + = J2 a eR+\R + u ~ = Yl a ^R+\R+ Q-a are the nilpotent radicals of p and 
of p' respectively. 

From now on, we will always assume that \ JS a given p-character of standard 
Levi- form, associated with a subset I of simple roots. 

2.3. The category of X/ZI -graded modules. We are going to study certain 
X/Z/-graded [7 x (g)-module category, denoted by C. It is defined as follows: Each 
?7 x (0)-module is a direct sum of weight spaces of t) (note: all weights belong to Xj 
pX Cf)*asx(f)) = 0). If V 6 C, then each graded component V\ + zj with A G X is 
an f)-submodule, thereby decomposes into weight space for I). Furthermore, a finite- 
dimensional X/Z/-graded C/ x (g)-module ^-belongs to C if and only if all weights of 
rj on V\ + xi have the form dfi with p G A + "LI + pX for all A. Here d\ means the 
differential of A G X(T), which satisfys dX G A. 

We call a [7 x (g)-module M gradable if there is on N G C such that M = J r (A r ). 
Here J- : C —> C/ x (g)-module category means the forgetful functor. 

Lemma 2.1. (cf. [11, 1A}) 

(1) Each simple U x (g)-module is gradable. 

(2) Each baby Verma module is gradable. 

(3) Each projective U x {o)-module is gradable. □ 

The definition of the X/ "LI -graded module category C can be reformulated (and 
then extended) as follows. 

Let U = U(g)/(xa — x( x a) p ,® G R), the PBW theorem ensure us the following 
isomorphism: 

U x (iC) ® U(t}) (g> U x (n + ) ~ U 

We shall denote respectively by U~,U° and U + the images of ?7 x (n~), f7(fj) and 
U x (n + ) in U; these images is respectively isomorphic to U x (n~), U{\)) and U x (n + ). 
We have a TLRjTLl— grading on U such that each Q a with a G R U {0} is contained 
in the homogeneous part of degree a + ZJ. We denote by the homogeneous parts of 
U by 17„ with i/ G ZR/ZI. 

Let ^4 be a noetherian commutative /c-algebra. Let 

7T : U° -» ,4 

denote a /c-algebra homomorphism. We call a t/©^4-module M to be ()-diagonalizable 
if 

M = M^, M*:={mGM fc.m = (j)(h)m}. 
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In this case, we call (ft an f)-weig ht of M if ^ 0. Now we can define a category 
of U (8> -A- modules Cyi. The objects of Ca are f7 ® A-modules M which are r)- 
diagonalizable, together with an X/Zi-grading M = Q) ve x/zi M v of M satisfying 
the following conditions: 

(A) M is finitely generated over A] 

(B) A preserves the grading of M: 

AM^ +ZI C M M+Z/ ; 

(C) Uy+zi shifts the grading of M by v + ZJ: 

(D) All rj-weights 4> of M^+zj have the form: 

= 7r + d(fi + //) , fjf € ZI. 

A morphism between objects in Ca is a U ® A-homomorphism preserving the 
gradings. So we can get an induced module in Ca 

Z A {\) = U (g> l /o (7x ( n +) A x 

where A\ denotes the (b + ) (8) A-module A for each h E f) acting as multiplication by 
7r(fe) + dA(fc). 

We will specialize our choice of the /c-algebra A. When choosing A = k[t]f t \ the 
localization of the polynomial ring k[t] in one variable at the maximal ideal generated 
by t, we will denote by A the fraction field of k[t]. The corresponding category of 
U <E> A-modules and U ® A- modules will be denoted by Ca and C%. So in the case 

arises from an algebra homomorphism ttq : U — > which 
is defined via sending h a to c Q t for c a € k with all a G satisfying c Wia = c a and 
c a ^ if and only a <£ i?/ (cf. [HI 3.1/2/9] or [H 13.2]). 

When A = k, the corresponding category is just C. 

In the sequel, we will fix an element x m 0* °f standard Levi form, associated 
with a subset / of the simple root system. Then we may define an order relation < 
on XjTLI such that fi + ZJ < A + 7LI if and only if there exist integers m a > with 
A — fj, = m a a + ZI. In category C, the baby Verma module is 

Z x (\) = U ®uo Ux{n+) k x , 

which satisfies T(Z X (\)) = Z x (dX). When A' = A/tA = k, we have Z A (X) ® A k~ 
Z x {\). 

2.4. Twists, (cf. |1H §3.3]) Let w be an element of 

W 1 :={weW\ w^ia) > 0, for all a G /} 

We can see that w 1 € W 1 . The PBW basis theorem give us an isomorphism 

U x (wn~) ® U° ® ^7 x (wn + ) ~ ?7 

We can define new categories. In the new category, we get an induced module for 
weW 1 

ZjftX) = U ®u°U x {wn+) A \ 

where A\ denotes the (wb + ) ® A- module A for each rj acting as multiplication by 

7T(i)) + (dA)(f)). 



YIYANG LI AND BIN SHU 



When A = k, the (twisted) induced module Z'%(X) will be denoted by Z™{\). 
We have the following facts. 

Lemma 2.2. LetX,fj,eX. Then 

(1) (cf. [10, Prop. 11.9]; 4(A) ~ L X ( M ) <=> Z X (A) ~ i x ( M ) ^ /x E^-A. 

(2) For u; G W i/iere is an equivalence of categories that takes Z X (X) to 
Z w -i x ( W - l X). 

Proof. (2) Recall that associated with w G W, there is an automorphism of 
g = f) + X^agi?0a which stabilizes f) and makes g Q into g wa . We denote it by 
w. For it) € define w~ l \ G 0* via evaluating it x(wx) at cc (similarly, we 
can define w~ 1 X G X). Under such an automorphism w for w G W , there is an 
algebra isomorphism between U w -i x (q) and U x (g), which gives rise to an category 
equivalence between the X/Zu>I-graded module category of U w -i x (g) and the X/ 
Zl-graded module category of U x (g), sending Z w -i x (w X) to Z X (X). □ 

2.5. ^Q-2g 7 -Filtrations. As in the previous section, we maintain the assump- 
tion that the p-character x is a given standard Levi form, in connection with a subset 
of simple roots I = {a G R \ x( x -a) 0}- As the subspaces p and p' of g are ho- 
mogeneous, the algebra U x (p) and U x (p') have a natural grading by X/ZI. When 
we extend a ?7 x (gj)-module to a i7 x (p)-module or a [/ x (p')-module, we will regard 
M as a graded module with Mo = M and M\ = if all A 7^ 0. The situation for p' 
is the same as p. 

For each f/ x (g/)-module M set 

Z(M) = U x (g) ® Ux{p) M 

and 

Z\M) = U x (g) ® Ux(pl) M. 

By the arguments in [1 1|. 1.16], we know that both Z{M) and Z'(M) have 
natural X/ZI-gradings, identifying Z{M)q with M as a f7 x (gj)-module, Z{M)\ = 
implies A < and Z'{M)\ 7^ implies A > 0. The corresponding modules in C are 
distinguished by wearing a cap, like Z(M) and Z'{M). 

Consider Z x j( A) = U x (qi)(&ij ( 0/ f]b+)k\, A G A x . Thenyjg 7 is regular nilpotent. 
By O 4.2/3], we know it's a simple f7 x (fl/) module (also refer to \10\ §10 and §11]). 
Let Q Xi /(A) be the projective cover of the t/ x (g7-)-module Z x j(X). Thus, we have 
induced modules of g: 

Z(Z xJ (X)) - Z X (X). 

and 

Z(Q x j(X)). 

We denote both by Z(X) and Z(Q, A) respectively. By Lemma 12. 11 there are corre- 
sponding modules in C, denoted by Z(X) and Z(Q, A). 

Since Q X) /(A) has a filtration of length |W/.A| with all quotient of subsequent 
terms in the filtration isomorphic to Z x j(X) (cf. [10|, §10.10]), Z(Q x j(X)) has a 
filtration of length |W/.A| with each quotient of subsequent terms in the filtration 
isomorphic to Z X (X). Here and further, A stands for the image of A in X/pX. 

Denoting by Q X (A) the projective cover of the simple module L X (A), we know 
that Q X (A) has a filtration with each quotient of subsequent terms isomorphic to 
Z(Q, n) for some [i G X, while the number of factors isomorphic to a given Z(Q, /i) is 
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equal to \Z x [p) : ^(A)] (cf. [10|. Proposition 10.11]). Consequently, the projective 
module Q X (X) has a filtration where all factors of subsequent terms are isomorphic to 
Z X (X) for some X £ X, The number (denoted by (Q X (X) : Z x (fi))) of factors in such 
a filtration of Q X (A) isomorphic to a given Z x {p) is equal to |W/./2| • \Z x [p) : L X (X)}. 

Recall that gj = Jj Eae;?, 0«; P = 0/ © U+. Then w 1 (p) = p' = g 7 © 
Hcx^w'CLi) S-a- Actually, w/(I) = —wi(I) G ZJ, and u/(a) = ^o(a) for a G 
R + \R^ , and then y/(gj) = g/. Hence we can define the twist induced modules as 
follows: 

Z'(Z xJ (X)) = U x (g) ® Ux{w r m Z x j(\) - zf(X). 

and 

Z'(Q x ,i(X)) = U x (q) ®u x [wi(p)) QxA x )- 
Both of them will be denoted by Z w ' {X) and Z wI (Q,X) respectively. The corre- 
sponding graded modules in C are denoted by Z w ' (A) and Z w ' (Q, A). 

Definition 2.3. (1) Let M G C. M is said to has a 2-filtration (resp. 
Z w -filtration) if there is a filtration with each quotient of subsequent terms 
in the filtration isomorphic to Z x (/j) (resp. Z™ for some fx G X. 
(2) Let M G C. M is said to has a -Eg-filtration (resp. Zq 1 -filtration) if 
there is a filtration with each quotient of subsequent terms in the filtration 
isomorphic to Z(Q,fj) (resp. Z w (Q,fj,)) for some (jl G X. 
(Note: the same notions in the category Ca can be defined, in the same sense of 
(1) and (2) respectively.) 

One of Jantzen's results [111 Proposition 2.1] implies the following proposition. 

PROPOSITION 2.4. Let x G g* be of standard Levi form. If the object M in the 
category C is projective, then M has both iJg -filtration and Zq -filtration, thereby 

has both a ^-filtration and a JJ^-filtration. □ 

Proof. Assume M G C is projective, then it's a projective C/ x (p)-module. By 
|1H Proposition 2.1], M has a ^Q-filtration. Symmetrically, M has a .Zg'-filtration. 

□ 

Remark 2.5. (1) Generally speaking, it's no longer true that M in C is 
projective if M admits both Z x - and Z™ -nitrations. An obvious counter- 
example is M = Z X (X) for a regular nilpotent x- in such a case, / is just the 
whole simple roots, and a baby Verma module coincides with its u/-twist. 
However, M is projective only when A is a Steinberg weight (cf. [8]). 
(2) By the same argument as [1] 4.19], we have the following basic facts: 

(i) There is a unique projective module up to isomorphism, Qa(X) G Ca 
satisfying Q A (X) <8>a k = Q X (X), and (Qa(X) : Z A (p)) = (Q X (X) : 

zM). 

(ii) By the argument in ^2.5^ (i) gives us (Qa(X) : Za{^)) = |Wj./Z| • 
[ZM ■■L X (X)]. 

(iii) Any projective module Q in Ca is isomorphic to a direct sum of certain 
Qa(X). Thus, we easily know that the rank of the free ^-module 
Romc A (Q,Z A (fi)) equal to (Q : Z A (fJ.))- 
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2.6. Duality, (cf. [10, §11.4; §11.5; §11.16]) Jantzen constructed a duality 
r (— *) on the category C. By 1.14], there is an automorphism r of G satisfying 
t(T) = T, with derivative that acts in the following way: 

T~(%a) — %—wia- 

Note that r 2 = id. It has the properties that \ ° T ~ 1 = ~X an d A o r _1 = —wi(X) 
for all A G X. In category C, we have [1, §11.6] 

Lemma 2.6. Let p, G X. 

Z x (n) ~ T (££ V')*)> u/fccre ^ = /x - (p - l)(p - «/p)- 
Here p is half the sum of the positive roots of R. □ 

Remark 2.7. The r-duality can be extended to the category Ca- Let M be an 
object of Ca- Define T M to be Hom^M, A), as an ^4-module. The [/-action on 
T (M) is defined by: 

u G 0, (u.f)(m) := f(—r~(u).m),m G M. 

In general, if M G is a free j4- module, then T ( r M) = M. For another A-iree 
module M' G C A , Houl Ca (M, M') = Honir CA ( T M', T M) as A-free modules (compare 
[2j §1.6]). Here r C J 4 means an version of the module category corresponding to — x, 
parallel to Ca- 

In category Ca, one readily has an analogy of Lemma 12.61 by a natural way (cf. 
[H §13.6]): 

Lemma 2.8. Let p G X. 

Z A (JM) * T (zf(iJ, wI r), where ^ = p - (p - l)(p - u/p)- 
/fere p is half the sum of the positive roots of R. □ 

3. Baby Verma modules and their twists 

In this section, we will give some computation on hom-spaces and extensions 
between (baby) Verma modules and their twists in the module category Ca, which 
will be used later. Before that, we first prove some general formulation of Lemma 
12.21 which will be the start point of our argument in the sequel. 

Lemma 3.1. Let A,p G X. Then Hom CA (Z j4 (A), Z A {n)) ^ A p G W IiP ■ A. 

Proof. First, we assert that all Z^{X) = Za(X) <S>a A are simple in C3. We 
will prove this by standard argument. Consider g K = qk ®k K, where K = A, qk 
the extension of Lie algebra q by field extension of K/k and K is the algebraically 
closure of K. Then we have 

(3.1) Z K (X)^Z X „(X) 

1 

where Xn G 8* K is defined via Xtt(^q) = c a t — (c a t)p ^ if a G R\Ri, Xn(h a ) = 
if a G Ri and X7r|n± = xln±- Here c a is defined as in Then x-n nas a 

Chevalley-Jordan decomposition x-k,s + Xn,n where Xn,s G Q% is the trivial extension 
of Xtt It) G f)* C 0*^, and Xn,n G 0^. is the trivial extension of x S g* C 0*^. Thus the 
centralizer c QR (x n ) of Xn in 9k coincides with 0/ ® K. By 2.4] (more precisely 
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O 3.2 and 8.5]), U X7T (qk) is Morita equivalent to U x (qi K), the latter of which is 
of standard Levi form. All Verma modules of U x (qi <X> K) are simple, which implies 
the corresponding baby Verma modules U Xn (X) of U XlT (Qg) are simple, under the 
Morita equivalence. So Z^(X) is simple (notice (13. ID ). Prom Z r{X) = Z A (X) ® A K, 
it follows that all Z A (X) are simple. 

Furthermore, by the Morita equivalence and Lemma 12.21 (over K), we know 



RovacAZ A {\),ZAn)) 



A if A G W I)P ■ p, 
otherwise. 



Observe that A is j4-flat, and the j4-free module Hobic a (Za(X), Za(p)) satisfies by 
d 2.38] 

Hom CA (Z A (A), Z a (jm)) ®a A = Rome A (Z A {X), Z A (p)). 

Hence Homc A (Z J 4(A), Za{p)) = A\i and only if A € Wj jP ■ p. □ 

The following lemmas are crucially useful in the last section. 

Lemma 3.2. (1) Let A G X, and X a = A + (p - \){ap - p) for a G W 1 . 
Then for w,w' G W 1 , Rom CA (ZJ(X w ), Z^' (X w ')) ^ A 
(2) In particular, for X £ X, and w 1 = wjwo, 

Komc A (Z A (X),zf(X wI ))~A 

and 

Rom CA (zf(X wI ),Z A (X))^A. 

Proof. We can prove the lemma, following the argument in the proof of [TJ 
4.7] (or to see d 1.7]). □ 

We have the following reformulation of Lemma 13.21 dealing with general situa- 
tions. 

Lemma 3.3. Let X,p, G X. For any w G W 1 , 

Proof. As A is A-flat, applying [4j 2.38] we know that 

Romc A (Z^(X w ), Z A {p)) ®a A - Romc A (Zj(X w ), Z A {p)). 

If Hom.c A (Z'A J (X' w ), Za(p)) is nonzero, then Homc A (Z'^(X' w ), Z A (p)) is nonzero. By 
the argument in the proof of Lemma 13.14 we know that both Z^(X W ) and Z A {p) 

are simple. So Z^(X W ) ^ Z A (p). Lemma [3^1) tells us that ZJ(X W ) ^ Z A (X). 
Using Lemma \2?2\ we finally obtain p G Wj tP ■ X. Conversely, if p G Wj^ p ■ A, by the 
above argument we know Homc A (Z^'(A u '), Za(p)) ®a A = A. Note that the first 
term in the tensor product is a free-A module of finite rank, thereby of rank one. 
We complete the proof. □ 

Choose a reduced expression w 1 = s\S2 • • • stv where Si = s ai for some simple 
roots a«. Set Wi = s\ ■ ■ ■ Sj_i, i = 1, • • • , N+l with convention w\ = 1. Then all WiCti 
are distinct, they are exactly the positive roots made negative by wqvji = (ur)" -1 , 
constituting R + \Rj . Furthermore, the positive roots made negative by w~ l are 
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exactly wia\,--- ,tUj_iaj_i. This shows that w^ 1 (I) C R + , thereby Wi G W 1 . 
Hence we can construct the Wi -twist baby Verma modules Z^(-) and ). Set 

Z\ = Z^{X Wi ) ( resp. Z{ = Z^{X Wi )). 

Then Z\ = Z A {\) and Z% +1 = zf(X wI ). By Lemma E2£l), we can take a genera- 
tor Vi G Hom CA (Z i , ^ A, which is unique up to units in A. Similarly, we take 
a generator 6 Homc A (Z A +1 ,Z A ) = A. Precisely, those module homomorphisms 
<Pi and ^ can be taken respectively via: sending 1 (8 1 to 1> and sending 
1 <g> 1 to ® 1. 

By change of rings — f^A k (note that k = A/tA), one has extensions of both <pj 
and ip[: fa = (fi ®a k and fa[ = ip\ (8>a k in Homc(Z£, and Home(Z* +1 , Z l x ) 

respectively. It can be known from the forthcoming lemma that if (A + p, Wioq) = 
mod (p), then both fa and fa[ are isomorphisms in C . 

Lemma 3.4. Up to units in A the following statements hold 

(tid z > if (\ + p,WiaY) ^ mod (p), 

(1) w o i Pi = 4 a 

^id^, otherwise . 

ftid^+i, if (A + p,Wiay) ^0 mod (p), 

(2) ^ o ^ = ^ . 

^id^i+i, otherwise . 

(3) If (A + p,WiOu) = mod (p) ; i/ien 6oi/i (fi and are isomorphisms. 

Proof. (1) Thanks to Lemma l3.2( it is sufficient to evaluate tp\ o^ona single 
non-zero element v in Z\, say t>o = 1 <8> 1. Recall that for < s < p — 1, u s := 

%p <g> 1 G Z A and := ® 1 G we have 

aJiuiOiWs = (vr(/i„, lQl ) + (A + p,WiaY) - s)« s _i, 

where is the coroot. Note that ^i(^o) = (p — ^V- v ' P ~i an d ViC^o) = (p ~~ l)!up-i. 
Hence we have 

<p- o w («o) = (p - l)!nf=i(7r(^iai) + (A + p,WiaY) + j> 
(3.2) = (p- (A + p,^a 4 v ) +j> . 

When (A + p,WiaY) = mod (p), the coefficient above is a unit in A. When 
(A + p,WiaY) ^ mod (p), the coefficient above is equal to tu for a unit u in A. 
Hence, we get the first statement. 

The proof of (2) is similar. The third statment is an immediate consequence of 
(1) and (2). □ 

Remark 3.5. We have general formulas in connection with (13. 2h which will be 
used: 

si 



<Pi(v s ) = {-l) s {P - h H(ir(h Wta J + (A + p, Wl at) - j)v' p _^ 

3=1 



and 



<Pi(y' s ) = j — '-Yl(j(h Wiai ) + (X + p,WiaY) +j> p _!. 
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We can take the generator w of H.omc A (Z\, Z^ +1 ) as the composite 

^1 <Pl ^2 <PN+1 ryN-\-l 

^A—^^A—*"' —> L A ■ 

Similarly we can take the generator w' = (p^ o ■ • ■ ip' N in Homc A (Z^ +1 , Z A ). Then 
we have the following direct corollary to the above lemma. 

Corollary 3.6. Keep the assumption and notations. Then 

w > o w = t N ^' x hd^i and w o w' = ^'^id^+i, 

where N(I, A) = #{a G R+\R+ \ (X + p, a v ) ^ mod (p)}. □ 

Lemma 3.7. (1) LetX,fieX. If Ext}, A (Z A (X), Z A {p)) + 0, then fi + ZI > 
X + ZI. 

(2) Assume that a module M in category Ca has a Z-filtration. Then we can 
find a Z-filtration of M: 

M = M D Mi D M 2 D • • • D M r D M r+ i = 

Mj/Mj+i = ZiAiXi), Xi G X, i = 0, 1, • • • , r satisfying that Xi + ZI > 
Xj + implies i < j. 

Proof. In analogy of [TJ Lemma 2.14], we consider the exact sequence in the 
category Ca- 

-» Z a (m) -» ^ -> ^a(A) -> 

Let w G N\ be an inverse image of the standard generator vo = 1 <g> 1 of Z^(A). If 
x a u = for all a G then there is a homomorphism Za(X) — > iV maps i>o to u, 
splitting the above exact sequence. So, if the above exact sequence does not split, 
there must be a > with x a v ^ . We get that A + a is a weight of M, thereby 
is a weight of Za{\i) because of the exact sequence. The first statement is proved. 
The second is a consequence of (1), by induction on the length of the filtration. □ 

Remark 3.8. In Lemma l3~77T l). if we replace Zj^{p) and Za(X) with Z^ (fi wI ) 
and Z^ (X w ) respectively, we can get the similar result. In (2), if we replace 
Z-filtration with ^"''-filtration, we can find that the Z wI -filtration of M has the 
properties: if Xi + ZI > Xj + ZI, then i > j. 



4. Projective modues and Zq-Zq -nitrations 

The following theorem shows that the inverse of the statement in Proposition 
12.41 concerning i?Q -nitrations is true. 

Theorem 4.1. Maintain the assumption as in Proposition \2-4\ Then M is 
projective in the category C if and only if M has both Zq- and Zq -filtrations. 

In order to prove the theorem, we need some knowledge about support varieties 
and rank varieties (one can refer to the definitions [5] [6] [7] and [10] ). 
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4.1. Support varieties and rank varieties. Given a vector space V over k 
let denote the fc-space with underlying abelian group V and with scalars A £ k 

acting through multiplication by X p . Let ||g|| denote the affine algebraic variety 
associated to the commutative Noetherian /c-algebra ©j> Ext^/ fl >(fc, 

Definition 4.2. ([5, 6.1]) Let M be a finite dimension £/ x (g)-module. The 
support variety ||s||m of M is the closed subvariety of \\q\\ given as the support of 
the Ext^ Q(g) (fc,fc)(- 1 )-module Ext^ (fl) (M, M)^ 1 ). 

There is a natural finite morphism <I> : ||g|| —* g of affine varieties (cf. [6, §2.1]), 
defined by using the /c-algebra homomorphism 

i>0 

induced from the natural (Hochschild) map g* -> Ext^ o{£)) 0, A;)^ 1 ). By Jantzen's 
theorem (cf. [13, Satz 2.14]), $(||fl||) identifies with the closed subvariety M p (q) of 
g where M p (q) = {x G g | x^i = 0}. From the morphism : ||g|| — > A/" p (g), one can 
get a Zariski closed conical subset <&(||0||m) i n A/p(g), which can be identified with 
{OjUl^ e •Np(&) | M\k x is not a free fex-module} (cf. [5] and [7]). 

Lemma 4.3. ^c/. [5, Prop 6.2]J M is a projective U x (g) -module if and only if 
$(\\j}\\ M ) = 0. □ 

Now let us prove Theorem 14.11 

Proof. (==>) It is what Proposition 12.41 savs. 

(<=) Suppose M € C has a Zg-filtration and Zq -filtration. Observe that 
M is projective in C if only if J-(M) is a projective ?7 x (g)-module. By Lemma 
14.31 we only need to prove that 5>(||g||^(M)) = 0. Owing to [5J Prop 7.1], we 
know <$>{\\q\\f(m)®f{m)) = ^(||0||^(M))n$(||g||jp-(Af)). Hence we only need consider 
®(\\q\\f(m)®f{m))- 

As M has a i?Q -nitration and a -2^ -filtration, M®M has a filtration where each 
sub-quotient in the filtration is isomorphic to Z(Q,Xi) <g> M which admits another 
filtration with quotients of sub-quotients isomorphic to Z(Q,X{) ® Z w (Q,Xj) for 
some Xi, Xj € X. Hence, <&(\ |g| \f(m)®j : (M)) ^ Ujj ^(llflll^(Q A i )®2™ I (Q Aj) 
page 1085]). Associated with each component in the union, we have 

By the same arguments in [5j Remark 7.5], we have $(||fl||,2:(Q,Aj-)) ^ P an d 

$ (HSII 2 ^(Q,A,)) C wI (P) =P'" TllUS > 

$ (HfllU(Q J A i )®^ J (Q ) A J )) = SGIfllkQ,*)) n ^dlfllU^Q.A,)) ^ P n P' = SI- 

On the other hand, both Z(Q,X{) and Z w ' (Q,Xj) are projective as U x (gj)- 
module, thereby both 3>(||g||2:(Q,Ai)) an( i ^(llsll^-m 7 (q \.\) intersect g at 0, owing to 
Lemma [4.31 Hence, 3>([|fl[|.z(Q,Ai)) ^ ^Kl 1 1 \z wI (q a ■)) = ^" Thus, we have proved 
that $(||g||)M = 0. Hence, M is projective. The proof is completed. □ 

We immediately have the following corollary. 
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Corollary 4.4. If M is a projective module in C, then T M must be projective 
in r C, where T C is the A/Z/-graded module category of U- X (g). In particular, 
in this case T M admits a filtration with filtration quotient factors T Z(X) for some 
X £ X. □ 

Remark 4.5. By Remarks 12.5( 2) and E21 the Ca- version of Corollary H3 is 
also true. This is to say, if Q is projective in Ca, then T Q admits a filtration with 
filtration quotient factors like t Za(X). 

Proposition 4.6. (Compare with [TJ Proposition 4.11]) Let x be of standard 
Levi form associated with a proper subset / of simple roots. Then 

E^(Z(Q,X),Z wI (Q,^ I )) = 
for all A, /i € X and n > 0. 

Proof. Since Z(Q,X) is a U x (g)-module, we know that its dual Z(Q,X)* is a 
^- x (fl)- m °d u l e - Hence, we can get by [5l Proposition 5.1] 

E^(Z(Q,X),Z w \Q,^ I ))^R n (U ( Q ),Z(Q,Xr^Z wI (Q^ wI )) 

Noticing the fact 3>(||f)||.2(Q,A)) = ^(HfllUfQ.Ai)*); we can that by [5[ Proposition 
6.2] 

$ (H0lU(Q,A)*^(Q,^)) C ^dlflH^QA)) n $ (H0lU^(Q,^)) = °> 

the reason of which is the same as in the proof of Theorem 12.41 Then by Lemma 
14.31 we can know that Z(Q, A)* (g> Z w (Q,fi w ) is a projective C/o(g)-module, as 
well as an injective module because Uo(q) is a Frobenius algebra. Thus we have 
H n (C/ (s),i(Q, A)* ® Z w \Q,n wI )) = and the lemma is proved. □ 

5. Andersen-Kaneda filtrations and sum formulas 

Maintain the notations as the previous sections. Especially, we set A = k[t]^ 
the localization of the polynomial ring k[t] in one variable at the maximal ideal 
generated by t, we will denote by A the fraction field of k[t]. 

5.1. Andersen-Kaneda filtrations. In the situation of [2[ §3], Andersen and 
Kaneda constructed a filtration of the vector space F\(Q) = Homc 1 T(Z(A)' r , Q) for 
each projective G{T- module Q, where r denotes the contra- variant dual [2j §1.6]. 
We find that there exist the similar filtration in the representation theory of modular 
Lie algebra of p-character x when x has standard Levi form. We will define this 
filtration in our situation and study its properties analogous to that in [2j §3]. 

Let Q be the projective module in category Ca- As stated in Remark 1 2. 5 \ there 
is a unique projective module Qk in category C with ®a k ~ Q. Recall that 
Homc A (Z^ (X w ), Za{X)) = A (Lemma l3.2r 2)). And there is a unique generator c := 
w' as appearing before Corollary 13.61 up to units in A, in Homc A (^ / (A u ' / ), Za{X)). 

Define 

F^(Q) = Rom CA (zf(X wI ),Q), 

(5.1) E\(Q) =Rom CA (Q,Z A (X)). 

By Lemmas 12. 8\ Corollary 14.41 and Remark 12.51 it's not hard to see that 

(5.2) F\(Q) and E\(Q) are both A-free module with the same rank, say n\. 
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Set F£{Q k ) = Romc(zf(X w '),Q k ) and E%{Q k ) = Hom Cfc (Q k , 4(A)). The 
projectiveness of Q implies by [TJ Proposition 3.3] that 

(5-3) F£(Q k ) ~ Fj(Q) ® A k, 

and £ A (Q fe ) ~ E A (Q) ® a k. 

Similar to that in [2j §3], define a filtration {F A (Q)^'}j>o by setting 

(5.4) Fi(Q) 0) = {^e F$(Q) I V ° P e Af'c, V e #A(Q)} 
and let i^(Q fc ) (i) be the image of F\(Q)^ in F£(Q k ), then 

(5.5) F A (Q fc ) (j) * + s F\(Q)^ /tF\(Q)^ l \ 

We call such a filtration of the projective module Q an Andersen-Kaneda fil- 
tration (or AK filtration). 

Thanks to Lemma 13.31 (2) . we have the pairing 

a x : F\(Q) x E\(Q) — ► A 

given by ^>oy> = a\(<p, ip)c, tp S E A (Q), ip € When tensored with we have a 

bilinear A-form ( — , — ) arising from this pairing. This ^-bilinear form is by definition 
non-degenerate. Furthermore, there is with the pairing, an A-homomorphism 

6 X : F\{Q) — > E\{QY = Hora A (E\{Q),A) 

defined by 

6\{ip) : ip i ^ a\(ip,i/j). 

From the non-degeneracy of the A-bilinear form, 6\ is an yl-isomorphism, when 
tensorred with A. There are some basic facts with 8 as follows. 

Lemma 5.1. There exist bases in F\(Q) andE A (Q): {fx, f2, ■ ■ ■ f nx }i { e ii e 2j ' ' ' e nA } 
respectively, together with a sequence of positive integers {m\(l),m\(2), • • • , m\(n\)} 
such that 

Ox(fi) =t m *«ei,i = 1,2,..- ,n x . 

Moreover, 

]TdimF A (Q fc ) {j ') = utdet(O x ) = X> A (*) 
j>i »=i 

Proof. Note that both and ^(Q) are A-free of rank n\, and 0\ is an 

A-isomorphism. For a given basis {ei, • • • , e nx } in £^(Q), there must exist a basis 
{/i, ■ • • , fn x } m F\{Q) such that 

fl A (/i)=* mA(i) e ij i = l J 2,-- - ,n A . 

As to the second formula, it follows from the standard arguments as in |12[ II 
§8.18]. ' □ 
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5.2. Connection with Jantzen nitrations. Recall there are subspace nitra- 
tions on Weyl modules in representations of algebraic groups (cf. |12j). It's usually 
called Jatzen's nitration. The idea can be adopted to the Lie algebra case when \ is 
of standard Levi forms. Recall there are up to units in A, unique generators c := w' 
and d := w respectively in B.om A (Z^ (X w '), Z A {\)) and in Hom A (i A (A), zf ' {X w ')) 
(see the first subsection). According to Corollary 13.61 we have 

(5-6) cod = t N ^ X hd^ I{xwIy 

In our case, the Jantzen filtration on Z^ 1 (X wI ) and Z A (X) can be defined some 
sequences of their vector subspaces respectively defined via 

Zf{\ wl f) = {v E Z£(\ w ') | cv E t j Z A (\)} 

Z A (\) {3) = W G Z A {\) | cV E Vzf(\ wI )}. 

(cf. dB 3.8]). 

As argument in the proof of Lemma 13.21 and Remark 13.51 it's not hard to see 
there exist bases {vi,V2,-" i v n\ of Z^ (X w ) and bases {v[,v 2 ,--- ,v' n } of Z A (X) 
and integers a± , a 2 , ■ ■ ■ , a n E N such that 

(5.7) cvi = t^vl, dvl = t N ^~ ai Vi. 

We denote by zf (\ wI )^(iesp. Z X {X)) the image of zf(X wI )^ in zf(X w ') 
(resp. the image of Z A (X)^ in Z X (X) ), then we have (set V{ = V{® l,Vi' = v\ ® 1) 

zf(\^)U) = J2 * kvi, 

(5.8) 4(A)0') = £ i > .kv' j 

Observing that V{ and have the same weight we deduce from (|5.8p 

(5.9) chZ^A^^ + chZ x (A) (Af(/ ' A) ^' +1) = chZ x (A) 

Let's return to the AK filtration. With the above arguments, we know Qa has 
a -filtration, 



Q a = qW D Q(j) D ... D Q(r) =Q 



with 



(5.10) Q { a X) /Qa - zi'ixfr^m = [Q A ■■ Z A (X t )) 

satisfying as in Remark 13.81 that 

(5.11) if Xi + ZI < Xj + ZJ, then i > j 

for i = 1, 2, • • • , r. 

We can get an exact sequence 

- Homc^Z^Af ),Q { r 1] ) - Rom CA (Z^(Xf),Z^(Xfr 

(5.12) ^Ex t i A (Z^(Ar 7 ),Q?)-0. 
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which follows from the exact sequence: 

operated by the functor Homc^Z^ 1 (Xf ) , — ), as well as the fact that 

Rom CA (zf(K I ),Q i l ) ) = 0. 
» (j— i) 

Furthermore, the inclusion Q A Qa induces an isomorphism 

(5.13) RomcAZl'^f),^) * Komc A (Zl\\f),QA) = F%(Q), 
because Qa/Qa ^ * s filtered by Z A ' (XJ 1 ), j > i . 

Set F^(Q) = ILouic a (Za(X), Qa)- Then it's not hard to see the following fact by 
summing up the above arguments (the detailed proof may be referred to [2} 3.5]). 

Lemma 5.2. There exist A-bases {ipi,i/)2,- ■ • ,Vv} of E\(Q) and i/}' 2 , ■ ■ ■ -,ip' r }, 
of F\{Q) such that 

o V - = %i JV(I ' A) ^ (A) , i, j = 1, 2, • • • , r. □ 

Recall for ip G F A (Q) and ip G E\(Q), we have ip o ip = a\((p,ip)c. Hence 
co c' = t N ^'^id^N+i implies implies 

(5.14) ^ 0( poc' = a x {<p, V)^ (/ ' A) id^ (A) 

With the bases from the above lemma, we may write ip o c' = X)s=i bs^P's f° r some 

b s G A. Furthermore, b s = a\(<p,ip s ) for all s. Hence <p o d G PF^(Q) if and only if 
t J | a\((p,ip s ) for all s, i.e., if and only if ip G F A (Q)^\ 
Thus, we have a corollary to the above lemma. 

Lemma 5.3. For each j 6 N we have 

F\{Q) {]) = {4> e koc'e ^>i(Q)}. □ 

5.3. Sum formulas over C. Now we are in the position to present the main 
results about AK nitrations and the related sum formulas. 

Lemma 5.4. Kerc^j = Coker^j, where (p>i is an extension of tpi by change of rings 
— <S>a k, and ipi is defined as in Lemma\3Ji\ 



PROOF. It follows from [TT1 Lemma 3.5]. □ 
Theorem 5.5. Let v G X. Then 

]TdimF fc A (Q x H)W = £&(A)W : L x (y)\ 

3>1 3>l 

Proof. Let Q = Q x {v) <eC,Qa = Qa{v) G C4. Denote by fa : Homc A (Z l A +1 , Qa) 
Houic a (Z a ,Qa) which is induced by (pi. Here ipi is defined as in Lemma 13.41 Let 
cj) = <pi o • • • o <p N . Then Lemma 15.31 says 

F\{Q) {j) = F\{Q) I 4>{y) G t^F^Q)}. 
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Analogy of the arguments as in §5.11 gives the following sum formula. 

N 

(5.15) ^dimF fc A (Q)^ = v t (det<t>) = £> t (det^). 

j>i i=i 

Set Cj = Coker(/?j. Then by §3.7], we have 

(5.16) tC t = 0, for all i. 
Hence we also have 

(5.17) tExt^id, Q A ) = 0, for all i. 

Notice that the homomorphism Z^ 1 — > Zjt is injective, we have the short exact 
sequence 

o -> ii ^ ^ C 4 -> 0. 
Moreover we can get the exact sequence through the action by Homc_ A (- , Qa) 

(5.18) -» Homc^(^ +1 , Qa) ^ Hom c _ 4 (ii, Qa) -> Ker^ -> 

where : Ext^ (Cj,Qa) — * Ext^ A (Z^ t " 1 , Qa)- It is clear that Ker$j is the submod- 
ule of Extg A (Cj, Qa)- Hence (|5.16p implies 

(5.19) v t {det4>i) = dim fc (Ker$j <S>a k) 

Set <fi = ipi <8>a k,Ci = Ci <S>a k. Then Q = Coker<^j and the injectivity of Q 
gives the exactness of the top row in the following diagram (note that U x (q) is a 
Frobenius algebra, the projective C/ x (g)-modules is injective): 

Horoc(Ci,Q) «- Homc(zj +1 ; Q) » Homc(Z^Q) *" Home (Kciipi , Q) ► 



Homc A (Z l / 1 ,Q A ) ® A k — + Homc A (^,Q A ) ®a k ► Kcr$; ® A k >- 

Here the bottom sequence is obtained by tensoring (I5.18P with k and the vertical iso- 
morphism comes from the application of Proposition 12.41 and Lemma l3. 31 along with 
Remarks 12. 5( 2). 12. 71 and 14.51 The diagram shows that Ker<l?j ®a k may be identified 
with Home (Keri/2j , Q), thereby this has the same dimension as Homc(Cj,Q), owing 
to Lemma 15.41 By Lemma 12.61 and Remark 12.71 it can be seen that this dimension 
equals the multiplicity [Ci, L x (fi)]. Consider Q = Ker^j (Lemma 15. 4p . which is 
decided by the formula in Remark 13.51 Hence, the arguments on (|5.7p - ([5.9|) tells us 

N 

(5.20) ch 4( A ) 0) = Yl ch ^' 

j>l i=l 
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Combining (pTL5j) . (pU9j) and (iOOj) . we know 

N 

5>mF A (Q)^ = Yfii : L x (u)] = ^[4(A) {j) : L x (u)}. 
j>i i=i j>i 

The proof is completed. □ 

The following result shows the connection between the dimension of individual 
terms between AK nitrations and Jantzen's nitrations. 

Theorem 5.6. Let Q G C be projective. Then we have a formula dimF^(Q)^ = 
dimHom(l x (A)W,Q), for all j G N. Especially, forQ = Q(v),u G X, dimF A (Q(i/))^ 
[4(A)W :L»], /ora//j. 

Proof. The second part is a direct implication of the first one. It's sufficient 
to prove the first one. For this, let us verify the statement below. 

(5.21) If <p G F£{Q)( j \ then (p{Z™' {X w ' ) ( Ar ( / ' A )+ 1 ^') ) = 0. 

We denote (p G F$(Q)W is the image of some 93 G F\(Q)W in F£(Q). By 
Proposition 15.31 we have 99 o d G PF^(Q). On the other hand, by (|5.7p we have 
^o C '(^)=^)-X^) 5 i = l,2,---n 

We conclude that 

(5.22) if N(I, A) - 04 < j then p(t; f ) G ^- 7V ( / ' A ) +a 'Q A 

By (J53D we see that ^'(A™')^'^ 1 --?) is spanned by «j where o< > N(I, X) + l-j. 
Hence IJ5351) implies that if «j G ^'(A™ 1 )^ 7 '^ 1 -^ , then pfa) G tQ A . That is 
to say that (p{vj) = 0, thereby (|5.2ip is proved. 
According to (|5.2ip . we see that 

F£(Q)i C Hom CA (Z^(A w ' I )/Z^(A u ' / )( 7V ( / ' A ) +1 -^,Q). 

Since Q is injective, the dimension of this homomorphism space only depends on 
the character of zf (\ wI )/zf (X™ 1 )^^'^ 1 -^ . Therefore by ([ED we deduce 

dimF fc A (Q) (j) < dimHom CA (Z x (A),Q) (j) for all j G N. 

On the other hand, each finite-dimensional projective object in C is the direct sum 
of some Q{v). Thus Theorem 15.51 make in force the equality true. The proof is 
completed. □ 

Remark 5.7. For each projective module Q G C we have 

(1) The length of the Jantzen filtration of Z X (X) is just N(I, A). So it follows 
from the above theorem that 

Fk (<9) (JV(I,A)+1) = for all projective modules Q G C. 

(2) We have another version of the sum formula 

J>mF A (Q^) = £ C£(Q--ZA(X-(ip + n a )))- 
J>! aeR+(X)\R+ *>° 

^(Q:^(A-ip«))). 

i>l 
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(3) dimF fc A (g)o = (Q : Q(A)) anddimF fc A (Q)jv {/iA) = (Q : Q(A')) where L(A') = 
Soc(4(A)). 
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